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The linearized equations of diffusion in a multicomponent system with flow and chemical 
reaction are shown to reduce to a set of equivalent binary diffusion equations. 

The concentrations and fluxes in a multicomponent system are described by linear combina- 
tions of appropriate solutions to the binary diffusion equation for steady ond unsteady dif- 
fusion and convective mass transfer, laminar or turbulent. 

The rate of transfer of each component in a nonreacting n component system is a linear 
combination of the n-1 independent driving forces with proportionality constants which depend 
upon the multicomponent diffusion coefficients and oppropriate binary mass transfer coeffi- 
cients, while the concentration profile of each component is a linear combination of appro- 
priate binary concentration profiles with proportionality constants which depend upon the multi- 
component diffusion coefficients and the characteristic displacement from equilibrium of each 
component. 

The linearized theorv is exact for small changes in concentration but needs further testing 
when the concentration changes and fluxes are large. 

Solutions of the equations of mass transfer in multi- 
component systems whether exact or approximate are 
available only for some special situations (2, 3, 5, 12, 14, 
17, 19, 20, 21, 29, 30, 31, 32). The effective diffusivity 
methods of solution (2, 18, 19, 20, 25, 28, 36) are also 
limited either to steady state diffusion through a film, or 
to special situations in which the active component be- 
haves as if it were in a binary mixture. Thus at present 
the essential nature of multicomponent mass transfer is 
either in the main uncertain (as in transient processes) or 
can be deduced only by using rather limited, simplified, 
models (as in convective mass transfer). 

In this paper the general mass transfer behavior of 
multicomponent systems is obtained by reducing the lin- 
earized multicomponent mass transfer equations to a set of 
equivalent binary equations. 

The continuity equation for each of the n - 1 inde- 
pendent components in an n component mixture is 

and the general relationship between the fluxes and con- 
centration gradients for isothermal, isobaric multicompo- 
nent systems in the absence of external forces may be 
written as (1, 11, 22, 33) 

( 2 )  

A11 summations are from 1 to n - 1 in the above and in 
subsecfuent equations. 

For present purposes the reference frame need not be 
specified, for Equation ( 2 )  is valid in all common refer- 
ence frames, a change of reference frame merely changes 
the values of the diffusion coefficients. Consequently the 
reference velocity V can be taken to be any one of the 
usual reference velocities, molar, mass, volume average, 
etc. Equations for the conversion of the diffusion coeffi- 
cients from one reference frame to another are available 
(11, 22, 3 3 ) .  

The concentration in Equation ( 2 )  can be expressed 
either in mass per unit volume or moles per unit volume 
with corresponding mass or molar units for the flux. 

Equation ( 2 )  contains ( n  - 1 ) 2  diffusion coefficients, 
but the Onsager reciprocal relationships ( 2 4 )  indicate 

Ni = - d Dij V Cj + V Ci, i = 1, . ,, n - 1 - .i - 

- 
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that only n ( n  - 1) / 2  are independent. The Dii are termed 
“main diffusion coefficients” and the Dt3 ( i  # j )  “cross 
diffusion coefficients.” In general Vij # V3%, and these 
cross diffusion coefficients may be positive or negative. The 
main diflusion coefficients however are expected to always 
be positive. 

The cross diffusion coefficients in gases may be greater 
or less than the main coefficients, usually less, while avail- 
able information concerning liquids indicates that (3, 7, 8, 
9, 10, 12, 13, 26, 34, 35)  the cross coefficients are gen- 
erally smaller than the main coefficients. Since a compo- 
nent with negligibly small cross coefficients obeys Fick‘s 
law, the interaction effects to be studied here usually will 
be more pronounced in gases than in liquids. 

In ideal gas mixtures these diffusion coefficients may be 
obtained from the kinetic theory of gases [the Maxwell- 
Stefan equations (23)] in terms of the binary diffusion 
coefficients and composition. In nonideal gases, liquids and 
solids the diffusion coefficients must be measured. Meas- 
urements have been carried out only in ternary mixtures, 
but there is 110 reason to expect Equation ( 2 )  not to ap- 
ply in general, since it depends only upon the assumption 
that the fluxes are linear functions of the chemical poten- 
tial (or concentration) gradients. 

In the literature on liquid diffusion the diffusion coeffi- 
cients in Equation (2)  are referred to as the practical dif- 
fusion coeficients ( 1  1, 22)  since they are measured in the 
usual experiments. Other diffusion coefficients may be de- 
fined by replacing the concentration gradients in Equation 
(2)  by other related gradients such as chemical potential 
gradients; but as pointed out earlier (27) the present 
formulation is also practical in engineering work, for once 
the practical diffusion coefficients are known, Equation 
( 2 )  gives a complete description of the relation between 
the fluxes and concentration gradients. It will also be seen 
that the multicomponent diffusion equations can be re- 
duced to a set of equivalent binary equations which are 
easily solved when the Equation ( 2 )  formulation is used. 
Indeed this is why the practical diffusion coefficients are 
practical, for the experimental methods are based upon 
special cases of the solution obtained here (3, 1 2 ) .  

R E D U C T I O N  OF EQUATIONS TO BINARY FORM 

An examination of the limiting forms of the diffusion co- 
efficients in Equation (2) at the borders of the concentra- 
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tion field indicates that the coefficients must in general be 
concentration dependent [the results are given by Shuck 
and Toor for a ternary mixture (26 ) ,  but they are easily 
generalized]. In the following development it is assumed 
that the concentration changes are small enough so that 
the diffusion coefficients may be treated as constants over 
the range of concentration attained. The result of this 
linearized theory will only be exact for small changes in 
concentration, but it will be seen that the errors caused by 
the assumption do not appear to be serious, even for large 
changes in concentration. 

Thus the equation to be solved is from Equations (1) 
and ( 2 )  

aCi 

ae j 
- + V * ( V Ci ) = 8 Dij V2 Cj + Ti, i = 1, . ., n - 1 - 

(3) 
Equation (3)  represents a set of n - 1 equations which 
are coupled through the cross diffusion coefficients and 
possibly through the reaction terms. It is the coupling by 
the cross diffusion coefficients which gives rise to the es- 
sential difference between binary and multicomponent 
mass transfer and which is of primary interest here. 

This coupling will be removed by a device similar to 
that used by Henry (15, 16) to solve a problem in which 
the energy equation was coupled with the binary diffusion 
equation [see also Crank ( S ) ] .  

Multiplying each of Equations (3) by the undetermined 
constant si and summing one gets 

If this equation is to reduce to a binary form, the si must 
be chosen so that 

PXsi Dij Cj = D 8si Ci = D 8 Sj Cj ( 5 )  

Interchanging the order of summation on the left and 

i j  i  j 

where D must be independent of concentration. 

equating coefficients of the independent Cj one obtains 

8 Si Dij - Sj D = 0, j = 1, . ., n - 1 (6) 
i 

Equation (6) represents a system of n - 1 linear, 
homogeneous equations, so a solution exists only if 

lDij - D&jl = 0 (7) 
This determinant is an algebraic equation of degree n - 1 
in D.  Accordingly there are n - 1 roots, say, Di, 0 2 ,  . . . ., 
Dla-i, and for each root D = Dk, Equation (6) can be 
solved for all but one of the si in terms of the remaining 
si. If the values of Si corresponding to the root Dk are 
written as Sik ,  then from Equation (6) the sik are obtained 
by solving the system of linear equations 

8 Sik  Dij = Sjk Dk, i = 1, . ., n - 1 (8) 
i 

for k = 1, 2, . . . . . . ., n - 1. If the skk  are set equal to 1, 
then all the remaining sik may be determined from Equa- 
tion (8). 

Substituting Equation ( 5 )  into Equation (4) and using 
the subscript k one gets 

* + V . (V$k)  = Dk v 2 $ k  + R k ,  k = 1,. ., ?I - 1 - a0 

where 
(9) 

(10) $k = 2 Sik ci, k = 1, . ., n - 1 
i 

Equation (9) represents n - 1 binary diffusion equa- 
tions in the n - l linear combinations of the n - l inde- 
pendent concentrations. Each linear combination or com- 
bine behaves as if it were a component of a binary mix- 
ture in which the diffusion coefficient (or diffusivity ) is Dk 
and the rate of reaction is R k .  

Defining the combine fluxes analogously to the compo- 
nent fluxes in a binary mixture 

q k  = - Dk V $ k  f v $ k ,  k =  1,. .,n- 1 (13) - - 
allows Equation (9) to be written as 

It  can be shown by use of Equations (13), ( l o ) ,  (8), and 
(2) that a consequence of the definition of q k  is the rela- 
tionship 

- 

q k  - = 8 Sik - Ni, k = 1, . ., n- 1 (15) 
f 

Thus the combine fluxes are related to the component 
fluxes the same way that the combine concentrations are 
related to the component concentrations. 

Equations (9), ( 13), and ( 14) can all be obtained from 
the binary diffusion equations by the simultaneous trans- 
formations 

c k o *  $k (16a) 

( 16b) 

Dk0+ Dk (16c) 

Tko* r k  ( 1 6 4  

N k o  * 2 k  - 

V0-t v - -  
where k takes on values from 1 to n - 1, so the above 
transformations may be applied to the solutions to the 
equivalent binary problems to give the solution to the 
multicomponent problem. The transformations apply to 
time average as well as instantaneous quantities in turbu- 
lent flow. 

If the initial and boundary concentrations are constant, 
the set of equivalent binary problems represents one bin- 
ary solution with a different diffusion coefficient for each 
value of the index k. 

The boundary conditions for Equation (9) may be 
divided into two kinds. The first consists of those problems 
in which the component concentrations or fluxes are pre- 
scribed at the boundaries; hence by Equations (10) and 
(15) the combine concentrations or fluxes are also pre- 
scribed and the equivalent binary problem may be identi- 
fied immediately. 

With the second kind of boundary conditions the com- 
ponent concentrations and/or fluxes are given indirectly 
at the boundary. Generally for this kind the boundary con- 
ditions of the equivalent binary problem cannot be deter- 
mined without solving Equation (9) .  

The rate of reaction depends upon one or more of the 
concentrations, and since the Ci may be written as linear 
combinations of the +k [see Equation ( 18) ] 

Consequently even if only one of the components reacts, 
and even if this reaction rate depends upon only one of 
the concentrations, all the combines react and the reac- 
tion rates depend upon all the combine concentrations. 
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Hence if a reaction takes place the combines are coupled 
through the reaction terms so the solution to the equiva- 
lent binary problem will not normally be available and it 
will be necessary to solve Equation (9)  directly. 

The combines are also coupled implicitly through the 
equations of motion if the mixture viscosity and density 
depend upon concentration, and these quantities must be 
assumed to be constant if the equivalent binary problem 
is to be identified without solving the coupled equations. 
If viscosity and density can be taken as constant, then for 
large fluxes the velocity field depends upon the diffusion 
process, but only through the velocity at the boundary, 
and in this case the equivalent binary problem may be 
readily identified. 

INVERSIONS AND VALIDITY OF THE METHOD 

After the Dk and Sik are obtained from Equations ( 7 )  
and (8) ,  respectively, and the solution to Equation (9)  is 
obtained, the component concentrations and fluxes must 
be recovered from the combine concentrations and fluxes 
by inverting Equations (10) and (15).  The result is 

ci = I: Sik Q ) k / l S i k l  

N i  = 2 Sik q k / l S i k l  

(18) 

(19) 

k 

k -  - 
where S i k  is the cofactor of the element Sik in the deter- 
minant 1Sikl. 

The above inversions may not be possible if s i k )  is zero.* 

can never be zero (except for trivial cases), and this also 
appears to be true in the ternary liquid systems studied so 
far. It is assumed that [Sikl # 0. 

Furthermore all the Dk must be positive numbers (or if 
the Dk are complex the real parts must be positive) for 
the method of solution to be meaningful, for if any Dk is 
negative the essential nature of multicomponent system 
cannot be described by equations which neglect the con- 
centration dependence of the practical diffusion coeffi- 
cients. 

It will be seen that the Dk can be obtained as positive, 
real numbers in all known ternary systems, and it is pos- 
sible that most if not all multicomponent systems will be- 
have in this fashion.* 

It follows from Equations (18) and (Ma) that the com- 
ponent concentrations in a multicomponent system are 
linear functions of the concentrations in the equivalent 
binary problems. Equations (19) and (16b) give similar 
results for the fluxes. The consequences of these results 
will be examined later. 

In ternary mixtures of ideal gases it will be s h own that it 

THREE-COMPONENT MIXTURES 

In this section explicit forms of the parameters are ob- 
tained for a three-component mixture. Equation (7) gives 

(20) (Di l  - D )  ( 0 2 2 -  D )  = D12 D21 

2 0 1 . 2  = Dll + D22 & ~ ( D I I  - + 4 0 1 2  D21 (21) 

and noting that as 0 1 2  or D2i tends to zero one root tends 
to Dti and one to D22, one may for convenience choose Di 
as the root which tends to Dii as 0 1 2  or D21 tends to zero. 
The larger Di then corresponds to the larger Dii. 

From Equation (21) 

Dj - Djj - Dii - Di 
D i j Dij 

, i , j =  1 , 2  (23) - Sij = 

jZi 
and these equations yield 

From the definition of S i k  

Sii = 1, i =  1 ,2  (25a) 

(25b) s.. - 23 - - Sji, i, j = 1, 2 
j + i  

One wishes to show that D1 and D2 are real positive 
numbers and that ISikl is not zero.” From Equations (21) 
and (24) it follows that both conditions are satisfied if Di 

and D2 are distinct as well as real and positive. 
One instance in which the roots are not distinct occurs 

when Dii = Dz2 and 0 1 2  and/or D21 is zero. From a re- 
sult given by Burchard and Toor ( 3 )  one can conclude 
that either this condition can be removed by proper choice 
of the independent species, or if it cannot be removed then 
both D12 and Dzi are zero. Since the second conclusion 
represents a trivial situation, this particular limit causes 
no difficulty. 

The Dij are known for ideal gas mixtures, and if the 
reference velocity is taken to be the molar average veloc- 
ity the Dij are 

Dii = Di3 [ ( 1 - yi) Dij + tji Dj31 /S ( 2 6 ~ )  

( 26b 1 
(26c) 

D. .  a3 - - yi Dj3 (Di3 - Dij) /S 

s = yl 9 2 3  f 9 2  9 1 3  + 93 D12 

The binary diffusion coefficients are of course real positive 
numbers, and Dij = Dji. By substituting the values from 
Equation (26) into Equation (21) it can be shown that 
if the components are chosen so that D12 is the smallest 
of the three Dij, then the Dk are always real, positive, and 
distinct for all but trivial situations. Hence in three-com- 
ponent mixtures which obey the Maxwell-Stefan equations 
the combines can always be made to behave like the com- 
ponents of an ordinary binary mixture. 

The practical diffusion coefficients in ideal gas mixtures 
of more than three components can be obtained from the 
Maxwell-Stefan equations ( 2 3 ) .  The calculations although 
tedious merely require a straightforward inversion from 
the Maxwell-Stefan form to the form of Equation ( 2 ) .  

General conclusions concerning even ternary liquid 
mixtures are difficult to obtain, but in all systems in which 
the Dij have been measured with sufficient accuracy to al- 
low conclusion to be drawn the Dk are indeed real, posi- 
tive, and distinct (7,8,  9, 10, 12, 13,26, 34, 35). 

If the cross diffusion coefficients in liquids are much less 
than the main coefficients, and the difference between the 
main coefficients is small, as the data obtained so far indi- 
cate, Equation (21) shows that the Dk will never be nega- 
tive. They may be complex, but the real parts will always 
be positive; if this is the case, the rocedure which has 

binary problems will have complex diffusion coefficients. 
It is assumed below that the Dk are all real, positive, 

and distinct for any number of components. This insures 
that \sikl # 0. The exceptional case of repeated roots will 

been developed will be valid even t R ough the equivalent 

Di + 0 2  = D n  + Dz2 (22 )  be treated at  a later time. 

Equation (8) gives RATE EQUATIONS 
OH. T. Cullinan Jr has since shown in a paper to be published 

that if the Onsager’rec&rocal relationship; are valid the system is therl 
modynarnicaly stable, and the volume reference f&e is used, then the 
inversion wil always be possible, and the DI will be real positive 
numbers. 

In this section the multicomponent rate equations are 
obtained for situations in which there is no reaction. I t  is 
assumed at first that the fluxes are small so that the veloc- 
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ity field does not depend upon the diffusion process. In 
addition, although the general results are valid for both 
kinds of boundary conditions, the discussion in t h i s  and 
the following section is restricted to problems in which 
the boundary conditions are of the first kind. 

The rate of transfer across the boundary in the equiva- 
lent binary system may be written as 

NOkI  = kok A c o k  

where kok is the local or average binary mass transfer co- 
efficient which depends upon some or all the quantities, 
diffusion coefficient, form of the initial and boundary 
conditions, position, time, geometry, hydrodynamics, vis- 
cosity, and density, and ACok is the appropriate driving 
force. 

The rates of transfer of the combines are obtained by 
applying Equation (16) to Equation (27) : 

(27) 

T k I =  kkAqk,  k = l , . . , n - - l  (28) 
k k  is the binary mass transfer coefficient in the system in 
which the binary diffusion coefficient is D k .  As mentioned 
earlier if the boundary and initial concentrations are con- 
stant, the kk in Equation (28) will differ from each other 
only in that each coefficient will be evaluated with a dif- 
f erent diffusion coefficient. 

Substituting Equation (28) into Equation (19) and 
then using Equation (10) one obtains 

8 8 Sik Slk k k  LI CZ 
l k  

NiI = ,i = 1,. ., n - 1 (29) 
[Sikl 

which can be written as 

Nil = P kit A Ci, i = 1, . ., n- 1 (30) 
1 

where 
1 Sik Slk kk 
k 

kit = , i, I = 1 , .  .,a- 1 ( 3 0 ~ )  
ISikl 

It  can be shown from Equations (8)  and (31) that the 
Dil are related to the D k  in exactly the same way the kit 
are related to the kk. This basic relationship leads naturally 
to the definition of the kit as multicomponent mass trans- 
fer coefficients, with kii the main coefficients and kit, i # 1 
the cross coefficients. 

Since the Sik and their cofactors are related by the equa- 
tion 

8 Sik Slk = ISikl 6i1, i, 2 = 1, . ., - 1 (31) 
k 

Equation (29) may also be written in the form 

1 
Nir ki A Ci + - Z 8 Sik Slk ( k k  - kl) A C1, 

lSikl 1 k 
i = 1,. .;n- 1 (32) 

When all the cross diffusion coefficients go to zero there 
is no coupling, the cross mass transfer coefficients in Equa- 
tion (30u) as well as the series in Equation (32) go to 
zero, and Equations (29), (30),  and (32) reduce to the 
binary equation. Hence either the cross coefficients in 
Equation (30) or the series in Equation (32) may be 
considered to represent the coupling. 

It is seen that in the usual case in which the cross dif- 
fusion coefficients are not zero all the fluxes depend upon 
all the driving forces, so the coupling or interaction phe- 
nomena which occur in steady unidirectional diffusion 
(diffusion barrier, osmotic diffusion, reverse diffusion) 
take place to a greater or lesser extent in all multicompo- 
nent mass transfer. This has been found to be true experi- 
mentally (32) and has been predicted by various models 
(31 ) .  The above equations however do not require the 

assumption of any particular model of the transport pro- 
cess. This is fortunate, for it means that the multicompo- 
nent fluxes may be obtained without a detailed knowledge 
of the mass transfer process; an empirical equation for the 
binary mass transfer coefficient is sufficient. 

If the system is made overdeterminate, say by setting 
the flux of certain components zero at the boundary, then 
for each flux which is zero Equation (29) or (30) or (32) 
gives one relationship among the A c t  indicating that one 
concentration cannot be fixed, and the A c t  corresponding 
to the zero flux can be eliminated from the set of equa- 
tions. If all but one flux is zero, all the corresponding ACt 
can be obtained in terms of the concentration difference 
of the component with the nonzero flux, so Equation (29) 
merely reduces to a form like the binary equation, Equa- ~ 

tion (27) .  It is only in degenerate problems of this type 
that the effective diffusivity concept is meaningful. 

For a ternary system Equation (32) with Equations 
(20) to (25) gives 

k i -  kj 
Di- Dj 

Nil = ki A C i  + - [(Dii- Di) A C i  + DijACj], 

i , j =  1 , 2  (33) 

If Dij approaches zero, Di approaches Dii and component i 
diffuses independently of component j ,  although j remains 
coupled to i. A few common situations are examined be- 
low. 
Film 

For steady unidirectional diffusion through a film k k  = 
Dk/L, and with Equations (8)  and (30) Equation (32) 
reduces to the simple form 

j # i  

1 
L j  

NiI = -2 Dij A Cj, i = 1, . ., n - 1 (34) 

a result which also follows directly from Equation (2 ) .  

Penetration 

For unsteady diffusion across an interface where the 
concentrations are Cir, constant for time greater than zero, 
into a medium with constant initial concentrations C'i, the 
instantaneous mass transfer coefficient of combine k is 
d D k / d  and A c t  is (CLI - ci) . Equation (32) then 
shows. that all the fluxes are inversely proportional to the 
square root of time and that the coupling is weaker than 
that obtained in steady diffusion through a film. 

Forced Convection 

a wide range of conditions by 
The mass transfer coefficient of combine k is given for 

k k  

- ( u pDk 
= g ( N R . , ~ ) ,  k = 1 , .  ., n - 1 (35) 

so Equation (31) may be written 

lSikl 
, 

i = 1,. ., n - 1 (36) 

Equation (36) includes the laminar and turbulent bound- 
ary-layer problems, the Greatz problem as well as its tur- 
bulent analogue, transfer in packed columns, distillation 
columns, etc. It should be particularly useful in multicom- 
ponent distillation where the molar average reference vel- 
ocity is zero at the interface. 

Since m in Equation (36) varies from 1 for steady, unidirec- 
tional molecular diffusion to near zero for totally turbulent 
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Fig. 1. Concentration profile of initially undisturbed component, 
semi-infinite medium. 

transport, for a given multicomponent mixture the maxi- 
mum coupling occurs in the former case and the minimum 
coupling in the latter case. Thus the strength of the 
coupling in mass transfer depends both upon the practical 
diffusion coefficients and on the value of m. 

An important result brought out by Equation (36) is 
that convection, laminar or turbulent, affects only the com- 
bine mass transfer coefficients, not the sik and Sik  which 
depend only upon the Dtj. 

The above results may also be applied to high fluxes if 
the Dij, mixture viscosity, and density may be taken as 
constant. The k k  will then depend upon the reference vel- 
ocity at the interface and the terminal concentrations. The 
results will be less accurate than before because of the 
greater variations in physical properties. 

Alternate forms of the high flux equations are also pos- 
sible. For example if the effect of a high 3ux in the equiva- 
lent binary problem is the same as it would be if a film 
were present, then application of Equation (16) to the 
binary filmlike solution ( 2 )  and use of Equations (10) and 
(15) yields - 

f Sik ( N ~ I / N I  - ci/c) 
i 

N I  = k k  c In , k = 1,. . ,n -  1 
f Sik ( N ~ I / N I  - C d C )  

(37) 
where k k  is the mass transfer coefficient of combine k at a 
low flux. With a determinancy condition these equations 
can be solved for the fluxes at the interface. 

CONCENTRATION PROFILES FOR SMALL FLUXES 

The concentration profiles which correspond to Equa- 
tion (27) can usually be written in the form 

where f o k  also generally depends upon Dok, hydrody- 
namics, etc. ACok is now the displacement from equilib- 
rium at x, y, x, 0, and ACoko is some characteristic dis- 
placement. Equations (16) and (38) yield 

(39) 

where f k  is fok evaluated with D o k  = Dk. Equations (18) 
and (10) convert this equation into a form like Equation 
(29) : 

f f S i k  SZk f k  ACZo 
E k  

lSik I ACi = , i =  l , . . ,n -  1 (40) 

With Equation (31) one obtains the form analogous to 
Equation (32) : 

2 2 S i k  Slk ( f k  - f l )  &lo 
l k  

I Sik I ACi =  act^ fi + , 
i = 1,. .,n - 1 (41) 

If transient processes are considered, paraphrasing 
Henry (15) it may be said that the first term on the right 
represents the wave which would result if there were no 
coupling between the diffusion processes and which may 
be referred to as the permanent w v e .  The remaining 
terms represent the result of coupling and may be called 
the temporary waves since they start at time zero, increase 
to a maximum, and then fall to zero again. 

The earlier rate equations can of course be obtained 
from the above solutions. However in many practical situ- 
ations the fok  are unknown, even though the kok are known 
from experiment. Hence the rate equations have been ob- 
tained separately to emphasize the fact that transfer rates 
in multicomponent systems can be predicted even when 
the fok  are unknown. 

With Equations (20) to (25) the ternary form of Equa- 
tion (41) is found to be 
A C ~  = &io f i  + - f i - f i  [ (Dii - Di) ACio + Dij ACjo],  

D i -  Di 
i , i= 1 , 2  (42) 

A special case of Equation (42) was obtained directly by 
Fujita and Gosting (12) for a case of free diffusion and 
was used in the measurement of the Dij. 

i # i  

An alternate form of Equation (42) is 

[ (Dii - Dj) ACio + Dij ACjo] 

D i -  Di 
$bi = f i ,  i, i = 1 ,2  ( 4 3 ~ )  

jii 

Again considering transient processes and paraphrasing 
Henry (15),  each diffusion wave of species i is accom- 
panied by a subsidiary diffusion wave of species i whose 
magnitude is proportional to that of species i, the relation 
between the two depending only upon the practical diffu- 
sion coefficients (and the A c t o ) .  Even if only one of the 
independent boundary concentrations is altered, there will 
nevertheless be the complete set of two diffusion waves 
for each component. A similar form exists for the n com- 
ponent system. 

For steady, unidirectional molecular diffusion through 
a film f k  is x/L,  and Equation (40) or (41) takes on the 
elementary form 

(44) 
X 

ACi = ACio -, i = 1, . ., n - 1 
L 

Other forms of f k  may be obtained in standard works, and 
two examples are shown graphically. 

PENETRATION 

A mixture of components 1, 2, and 3 of concentrations 
C'i, C'2, C ' 3  extends from x = 0 to x = w,  and at time 
zero the concentration of component 1 at x = 0 is changed 
to Ci* while the concentration of component 2 at x = 0 
is unchanged, C2' = C'z .  C is constant, and the reference 
velocity is zero. Among other things this corresponds to 
an ideal gas mixture at  a constant temperature and pres- 
sure. 

The concentrations for time greater than zero are given 
by Equation (42) or (43), and the component 2 concen- 
tration becomes 
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CZ (x,$) - C ' z  D2t X X 
erf - - erf - 

Ct' - C'i - D z  ( 2 d E  

Figure 1 shows the component 2 wave for DZ = 3 Dt .  
Since the amplitude is constant, the disturbance moves 
into the medium without decaying (at a rate proportional 
to l/dfl. The concentration of component 1 is a linear 
combination of the profile in the figure and the usual error 
function profile. 

EXTENDED SOURCE 

A mixture of components 1, 2, and 3 of concentration 
Ci*, C2*, C3* extends from - w to + co and at time zero 
the concentration of component 1 in the region - a < 
x < a is changed to Ct ,  while the concentration of com- 
ponent 2 is unchanged. Again C is constant, and the refer- 
ence velocity is zero. As before Equation (42) or ( 4 3 )  
gives the concentrations for time greater than zero. The 
equation for C2 ( x ,  t )  takes on a form like Equation ( 4 5 )  
with f i  now given as the sum of two error functions (6) .  

Figure 2 gives the C2 profile with D2 = 301. Two 
waves move out from the interface, one in each direction. 
Eventually a crater with a raised rim forms. In the early 
stages the crater deepens and the rim grows higher and 
wider, but as time progresses and the crater widens it gets 
shallower and the rim lowers until finally the concentra- 
tion returns to its initial equilibrium value. 

The above figures correspond roughly to a gas mixture 
made up of equal volumes of carbon dioxide, water, and 
hydrogen, components 1, 2, and 3, respectively. In this 
mixture D2 is about 301, and D z d ( D 2  - D i )  is about 
one half; also DIZ is close to Dzt. 

I t  is noted that if the initial water concentration is the 
saturation value, then in the second example supersatura- 
tion or condensation will take place, while in the first ex- 
ample this will only occur if the carbon dioxide concen- 
tration at the interface is greater than the initial carbon 
dioxide concentration. 

Concentration profiles for large fluxes may be obtained 
in the same manner as above if physical properties are 
constant. For steady state diffusion through a film for ex- 
ample the f k  in Equation (40) or (41) are given by 

24/02 8 
(45) 

A 

exp ( N I X / D ~  c )  - 1 
exp (NIL/Dk c) - 1' f k  = k = 1,. ., n- 1 (46) 

DIAPHRAGM CELL 

Although it does not follow directly for Equation (9), 
the solution for the quasi steady state diaphragm cell is of 
some interest. The equation for the instantaneous differ- 
ence between the two halves when there is no volume 
change on mixing and a volume average reference velocity 
is used is 

d (hCi)_ 
-= - /32Di jACj ,  i = l , . . , n - l  ( 4 7 )  

dB j 

This equation is obtained from Equation ( 3 4 )  and mate- 
rial balances (3) .  

By exactly the same procedure as before this becomes 

Solving and inverting as before one gets 
2 2 S j k  Slk f?--BDke AClo 
l k  

\Sik\ 
ACi = , i=l, . . ,n- l  ( 4 9 )  

The above result for a three-component system was ob- 
tained directly by Burchard and Toor (3) and has been 

used in measuring the Dij. Hence both of the methods 
which have been used to measure fie Dii in liquids are 
based on the present linearized theory. I t  is to be hoped 
that the general solutions now available might lead to new 
methods of measurement. 

A HINDSIGHT METHOD OF SOLUTION 

Since Equation (40) can be written as 

ACi=xAikfk,  i =  1,. .,?%-I (50 )  
k 

with 
8 S i k  Slk aC10 

lSikl 

1 
Aik = , i , k = .  l,..,n-1 (51) 

an alternate method of solution of Equation ( 3 )  is to 
assume Equation (50) to be the solution and to solve for 
the Aik directly. It is interesting to follow this new path 
even though it leads to the same solution as before. 

Assume Equation (50) to be the solution to Equation 
( 3 ) ,  and for simplicity let there be no reaction and 
V - v = 0. The f k  then are assumed to satisfy the equa- 
t ions  

- afk  $ - V ' V f k = D k v 2 f k ,  k =  1,..,n-1 ( 5 2 )  
ae - 

and suitable boundary conditions. Substituting Equation 
(50) into (3)  and using Equation ( 5 2 )  one obtains 

8 Dij Ajk = Aik Dk, i = 1, . ., n - 1 ( 5 3 )  
j 

a set of equations much like Equation (8) which has a 
solution only if Equation (7) is satisfied. Hence the Dk 
are the combine diffusion coefficients. Since for each k 
Equation (53) sets only the ratios of the Aik, these are 
still n - 1 arbitrary constants to be chosen to fit the 
boundary conditions. Suppose for example these bound- 
ary conditions are 

' X i  

an 
- ( B ,  0) = 0 

0 

- OeO H+tt+ttfH"irl 1 2 3 4 5 6  

x / a  
Fig. 2. Concentration profiles of initially undis- 
turbed component, extended source, infinite 
medium. Numbers on graph are values of 

qm. 
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where b 

Y, (L) 

Fig. 3. Comparison of approximate and exact 
fluxes. 

1 = HzO, 2 = COz, 3 = Hz 
Y1 (0) = 0.0 Y1 IL) = 0.8-YZ ( L )  
Yz (0) = 0.7 Yz (L) varies 

and B refer to two different boundaries of the 
system. Then from Equation (50) these are satisfied if 

fk ( x ,  y, G O )  = 1 (55a) 
f k  ( b , 8 )  = 0 (55b) 

- afk ( B ,  e) = o 
an 

for k = 1, 2 . . . n - 1, and 
2 A i k  = Acio ,  i = 1, . ., 12.- 1 (56) 
k 

Thus Equation (55) defines the boundary conditions on 
the equivalent binary problem, and Equation (56) com- 
pletely fixes the A i k  since it gives the - 1 relationships 
needed to fix the n - 1 arbitrary A i k  which remain after 
the solution of Equation (53). But the A i k  given by Equa- 
tion (51) also satisfy Equations (53) and (56). Hence 
both methods give the same solution. 

COMPARISON WITH EXACT SOLUTIONS 

The above solutions assume that the practical diffusion 
coefficients are constants. The concentration dependence 
of the practical diffusion coefficients and the coupling can 
be much larger in gases than in liquids (at least as far as 
is known), so a test of the assumption in gases is of most 
interest. Since exact solutions which account for the con- 
centration dependence of the practical diffusion coeffici- 
ents in ideal gases are available for simple situations, these 
are the solutions to the Maxwell-Stefan equations for 
steady unidirectional diffusion through a film, these results 
may be used for testing purposes. 

Figure 3 shows a comparison of the rates predicted by 
Equation ( 3 7 )  with those given by Gilliland's solution 
( 5 )  to the Maxwell-Stefan equations. The conditions are 
the same as given earlier (29) and cover a wide range of 
interactions. The practical diffusion coefficients used in the 
calculation were evaluated by using the arithmetic aver- 
age of the terminal mole fractions in Equation (26). The 
check is good, even for the large concentration differences 
and hence large variations in the Dij across the film. 

Similar calculations for equimolal countercurrent diffu- 
sion [Equation (34)] gave even closer agreement with 
the exact solution (29) with mole fraction differences 
across the film as large as 1.0. (The results were almost 

indistinguishable from the exact solution on the scale of 
Figure 4 of reference 29.) 

In Figure 4 the concentration profiles calculated from 
Equations ( 2 6 ) ,  (42),  and (46) are compared with those 
given by Gilliland's equation. Again the practical diffusion 
coefficients were evaluated at the arithmetic average of 
the mole fractions at either end of the film. The terminal 
concentrations were assumed to be the same in both cal- 
culations, and the value of N I  used to compute each pro- 
file was computed from the corresponding rate equation. 
The approximate profiles are in good agreement with the 
exact ones. 

The above results indicate that the errors caused by 
linearizing the diffusion equations are not serious for 
steady unidirectional diffusion in gases and imply that this 
will be true in general, but they give no information con- 
cerning the errors caused by neglecting variations in mix- 
ture density and viscosity under real conditions. 

It should be noted that in ternary mixtures of ideal gases 
the practical diffusion coefficients cannot change sign as 
the composition changes, and this is expected to carry over 
to all ideal gas mixtures. However in highly nonideal liq- 
uid mixtures the signs of the cross diffusion coefficients 
may change with composition, and if this occurs the linear- 
ized equations will probably be of somewhat more re- 
stricted application. (As yet there is no proof that a sign 
change does occur.) 

Calculations have also been carried out for turbulent 
flow in a tube with Equation (37)  with the k k  given by 
the Colburn equation. The results are in closer agreement 
with models which attempted to account for the combined 
effects of molecular and turbulent transport (31) than with 
a film model (31), as is to be expected. On the basis of 
limited calculations the results appear to be in accord with 
the experiments which have been carried out (32). 

The linearized theory would be of interest even if re- 
stricted to small changes in concentration, since it gives 
the essential behavior of multicomponent systems. The 
fact that it may yield accurate results even for large 
changes in concentration is encouraging, for higher ac- 
curacy will require facing the nonlinear characteristics of 
the differential equations. 

BOUNDARY CONDITIONS OF THE SECOND KIND 

When there is transfer between two phases or a reac- 
tion at a surface, the boundary conditions will generally 

0.7 

0.6 

0.5 

0 4  

0.3 

0.2 

0.1 

.a > 

0 0 2  0.4 0 . 6  0.8 
X -- L 

Fig. 4. Comparison of approximate and exact concentration profiles. 
1 = HzO, 2 = COz, 3 = Hz 
Y1 (0) = 0.0 
Yz (0) = 0.7 

YI (L) = 0.504 
Y2 (L) = 0.295 

Exact Approx. 
N1L/C -1.050 -1.022 
NzL/C -0.260 -0.265 
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be of the second kind. Then the combine concentrations 
at the boundary generally vary with time or distance, and 
the manner of variation can be obtained only by solving 
Equation (9) (written for each phase if need be) with 
the appropriate boundary conditions. 

Hence although the general solutions [for example, 
Equations (29) and (40 ) ]  and conclusions which have 
been drawn are still valid, the actual values of the k k  and 
f k  must in this case be determined for each situation from 
Equation (9 ) .  

The effect of the varying boundary concentration on 
the mass transfer coefficient is almost always ignored in 
experimental work on binary systems and is ignored by 
the usual mass transfer models which assume a constant 
interfacial concentration. 

Similarly for most practical situations it will probably be 
satisfactory to assume that the k k  do not depend upon the 
manner of variation of the interfacial concentrations. This 
assumption, which is included in all the usual mass trans- 
fer models, is considerably less restrictive than the choice 
of a particular model and allows application of the solu- 
tions obtained in this paper to the general multicomponent 
mass transfer problem under conditions for which physical 
properties may be treated as constant. 
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NOTATION 
a = half width of source 
C = total concentation 
Ci = concentration of component i 
D = combine diffusion coefficient with single sub- 

script, practical diffusion coefficient with double 
subscript 

Dij = binary diffusion coefficient 
Do = diffusion coefficient in equivalent binary system 
f,g,G = functional symbols 
k = mass transfer coefficient 
ki 
L = film thickness 
G = characteristic length 
m = exponent 
n = number of components or distance normal to sur- 

= multicomponent mass transfer coefficient 

N =  
N i  == 
N R ~  = 
f = 

Ri == 

Si ,S ik  == 

Sik == 
s =  
u =  
v =  

face 
total flux 
flux of component i 
Reynolds number 
rate of production of component i per unit volume 
by reaction 
rate of production of combine i per unit volume 
by reaction 
constants ’ 
defined by Equation (26c) 
cofactor of Sik 
characteristic velocity 
reference velocity 

x = distance 
y = distance 
yi 
z = distance 

Greek Letters 
,8 = cell constant 
6ij = Kronecker delta 
A = difference 
7 = combine flu 
0 = time 
p = viscosity 

= mole fractional of component i 

= density 

Vol. 10, No. 4 

4 = function defined by Equation (43) 
$ = combine concentration 
Subscripts 
i,i,k,l= indices 
1,2,3 = components 1, 2, and 3 
I = interface 
o = characteristic value 

= vector 
Superscripts 
u = binary value 
- = bulk average value 
* = equilibrium value 
Operators 
‘J = gradient operator 
V * = divergence operator 
V2 = Laplacian operator 
I I = determinant 
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